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Article Information ABSTRACT
The solution of the Navier-Stokes equations for a viscous incompressible fluid in

N . an unbounded domain has significant applications in the field of medicine, in
REEEES i) 20 2025 particular, for modeling blood flow in the heart and blood vessels. In this
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Published: June 28. 2023 study of solutions of the Navier-Stokes equations for a viscous incompressible

fluid in an unlimited region with application to the modeling of blood flow in
the heart and blood vessels. The main attention is paid to the development of
mathematical models and numerical methods for solving this problem, as well
as the analysis of the results obtained.
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I.INTRODUCTION

The state of a moving fluid is determined by setting five values: three components of velocity
V(x; y; z; t) pressure p(x; y; z; t) and density _(x; y; z; t) In fluid mechanics, its molecular

structure is not considered, it is assumed that the fluid fills the space entirely, instead of the fluid
itself, its model is studied, a fictitious continuous medium with the property of continuity. This
approach simplifies the researching, all mechanical and hemodynamics characteristics of the
liquid medium (velocity, pressure, density) are assumed to be continuous and differentiable.

The equations of motion of a viscous incompressible fluid (Navier-Stokes equations) in
projections on the coordinate axis by velocity components have the form [1]
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where V(x,y,z,t)=u,(Xy,z,t)-i+v, (X y,2,t)-j+0,(X ¥,21)-k,; values of x; y; z; t — are
called Euler variables, F(x,y,zt)=F/(xy,z,t)i+F (xy,2t)j+F,(xy,zt)k-is the

intensity of the field of mass forces grad p=Vp= 82 [ gsjzp k, p= p(x y,Z )

V — operator "nabla" , p — density of the liquid, v— kinematic viscosity of the liquid,
I, J, k—orts.

The continuity equation for an incompressible fluid d—: = 0:

0
divV = 5;: + ov, =0, Y(x,Y,2),Vt (4)

oy oz

The main task of hydrodynamics is to find the following functions of coordinates and time:
v, = f (XY zt)

v, =f,(xy,zt),0, = f,(xy,z,t), p=f,(x,y,z,t)under the given initial conditions

(p=const>0). (5)
O hoo= (% ¥,2,0),0, | o= f,(X,¥,2,0),0, | o= f;(X, y,z,0)under the given initial conditions.

1. MAIN PART (6)

The equations of motion of a viscous incompressible fluid (1)-(4), tested in practice, adequately
reflect the physical phenomenon in liquids and are a correct mathematical model. Therefore, the
equations of motion (1)-(3) and continuity (4) are sufficient to solve the main problem of
hydrodynamics when vi(X; y; z; t); w(X; y; z; t);v(X; y; z; t) — continuously differentiable
functions with respect to t and twice continuously differentiable functions with respect to

variables x; y; z; in the domain (x,y,z)e Q=R®,teT ={teR'/t>0}.

O (X, Y,2,1) eCEI2 (QXT), v, (X, Y, 2,t) e CE22 (QXT), v, (X, Y, 2,t) e CEo2y (QxT)

X,Y,Z,t X,y,zZ,t X,y,zZ,t

We assume that F,(x,y,z,t),F, (x,y,zt), F,(x,zt)are given continuous functions in the

domain of QxT .
F(xyzt)eC,,, (QxT),F (xy,zt)eC (QxT)and

functions p, (X, y,z,t)=g—pecxyzt, p, (X, y,z,t)=%oecxyzt, p, (X, y,z,t)zg_pec
X Z

(QxT),F,(xy,zt)eC

X,Y,2,t XY,z X,Y,2,t

X,y,z,t”

In the classical formulation, the initial problem for the Navier-Stokes equations for a viscous
incompressible fluid in an unbounded domain QxT has the form: find functions,

o (% Y,2,1):QxT 5> R v, (X, Y,2,t):QxT >R, v,(X,y,2,t): QxT -> R

such that they satisfy equations (1)-(3) in QXT and the continuity equation (4) under given initial
conditions (6), where f(x,y,z,0)eC(Q),|f,(x,y,2,0)|<c,c =const>0 ,i=1,2,3.

The proposed method for solving this problem is obtained on the basis of the author's works
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published in [5-7]. For simplicity of presentation of the results obtained, a regular solution of the
Navier-Stokes equation is given below.

Suppose that solutions of system (1)-(4) with initial condition (6) are known.

Then

ov, o’v, o°v, v,

Faiad vt Y t 3 +o(xY,2,t)

ov o*v, 0o°v, 0O

aty - 6x2y + ayzy + azzyj“L“(X’ y,2,t)

ov. o’v, d°v, o

8tz =v[ GXZZ + ayzz + 8ZZZ]HS’(X, y,2,t)
Where

(X y,z,t)= X—l@—u 0y _y, 90y, 0

pox “ox oy oz
1op ov ov ov

X,y,z,t)=F ————p —L—p, —L -0, —2
#(xy.2.0)=F, sy ax Yy a
1op ov ov ov

o(x,y,z,t)= Z_EE_UX axz—uy 8yz ~v, 022

in front of everything (x,y,z)e Q=R®teT.
Let the function

U(xy,zt)eC***(QxT),V(xY,2t)eC***(QxT),W(X,y,2,t)eC***(QxT)-
solutions of the following equations

My 82U+62U+62U +a, (X Y,2,1)
a \ad o o ) AN Rs
N_, 82V+82V+62V +14 (%Y, 2,1)
a \ac oy e ) Ha\mhe

oW oW AW W

=v| —+—5+— |[+6.(x V. 7,1)
ot OX oy oz
with initial conditions

U |t:0: fl(x! y,Z,O),V |t:0: fZ(X, y,Z,O),W |t:0: fs(X, y,Z,O),
inthe area of (x,y,2)eQ=R’teT

Inhereay (x,y,2,t)eC,,, (QxT), (X y,2,t)eC,,, (QxT),6,(x,y,2,t)eC,,, (QxT)

— unknown bounded absolutely integral continuous functions — unknown bounded absolutely
integral continuous functions. In particular if

W
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o (X, Y,2,t)=0(X,Y,2,t), 1 (%Y, 2,t) = u(X,¥,2,t),6,(x ¥, 2,t) = 0(x, Y, 2,t)else
U(xy.z,t)=0,(xy,2t),V(xYy,2t)=0,(XY,2t) W(X,y,2,t)=0,(XY,zt)in
(x,y,2)eQ,teT.

Systems of parabolic equations (13)-(15) with initial conditions (16) have solutions [8, 9]:

400 +00 400 —X) +(n—y)2 +(§—z)2

(x,y,z2,t)= ( ) f.(&7, {)e an dédnds +
+j-TTT a’l(§’77’ 'T) e 4vt )dedndgdr 40
0 —» w—w(2,/7zv(t—r))
x Y, zt TTT%’?E ’74vyt) e )dgdnd§+
ol S (24
—x)2+(n-y)?+(¢-2) (18)
R R G eadcds
0 —0 a0 w(21f7rv(t—r))
e 9:,77,4’) (e +(n-y)* +(¢-2)°
(x,y,2,t)= III(—SE 4" dédndd +
zﬂ
(247 ) -

) +(n-y)* +(¢-2)°
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Introducing notationG(x, y,z,t) = e at ,do=d&dndd

Jmt)?

solutions (17)-(19) are written as

U (X, Y, Z,t) :J‘G(X, y,Z,t,O') fl(a)d0'+j‘jG(X, y,Z,t—T,O')a)l(O',T)dO'dT (20)
\Y; (X, Y, Z,t) = IG(X, Y, Z,t,O') f, (a)d0+ij(X, Y, Z,t—T,O'),LLl(O',T)dO'dT (21)

W (X, y,z,t):IG(x, y,2,t,0) f3(a)da+“G(x, y,2,t-7,0)6,(o,7)dodr (22)

Q

Where Q=R’ o=(&7,¢{) we note that o, (o,7),4(0,7),6,(c,7)— unknown bounded
absolutely integral continuous functions in 7 {0 <r<tt eT} =T

o (o.7), (o,7), 6(0,7), ceQ, reT,

The Navier-Stokes equations (1)-(3) for a viscous incompressible fluid under
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any initial conditions (6) have solutions satisfying the continuity equation (4) in an unbounded
domain if and only if the function T'(x,y,z,t)>0 for any (x,y,z2)eQ=R%; teT; where I'(x;
y; Z; t) is determined by the formula

JEJ-P(X, y,Z,t—Z',O')A(G,T)deZ'= R(X, y,z,t)

Solutionsv, (x,y,2,t)=S(x,y,2t, ), v, (X, ¥,2,t) =T (XY, Z,t, 1),

v, (%Y, 2)=Q(X Y, 2,t, %), 0, (X ¥, 2,t) =S (X, ¥, Z,t, ¥), 0, (X, ¥, 2,t) =T, (X, ¥, 2,1, 7).

v, (% Y,2,t)=Q(x,y,z,t, ¥),in general, are not unique and are determined by formulas,
respectively.

I11. DISCUSSION AND SOLUTION

Solution

v (%Y, 2,t)=S(XY,2,t, x), v, (X ¥, 2.t) =T(X, ¥, 2,1, ), 0, (X ¥, 2,t) =Q(X, ¥, .1, ),

o (%Y, 2,1) =S, (X, ¥, 2.1, x), 0, (%, ¥, 2,t) =Ty (X, ¥, 2,1, ¥), 0, (X, ¥, 2,) =Qy (X, ¥, 7,1, ¥ ), the
only one if

t t
IIPI(X, Y, Z,t—Z‘,O'))((O',T)dO‘dT =0, .”PZ (X, Y, Z,t—T,O'))((O',T)dO'dT =0
0Q 0Q

[ S———

IP3(X, y,z,t,t—r,o);((a,z')dadz'zo, V(X, y,z)eQ: R3 teT,
Q

P,,P,,P, where is
So(X Y, 2,t) = (X Y,2,1),
To (X, Y, 2,t) =, (X, Y, 2,1),
Q (X, Y, 2,t) =, (% y,2,t), defined by formulas

P.(xy,2,t—7,0)
(XY z2,t-7,0)=| P,(Xxy,2,t—7,0)
P,(x,y,z,t-7,0)

condition is written in the form of an integral equation with respect to ;((J,r):

t
IJ.E(X, y,2,t—7,0) y(o,7)dodr =0
0Q

V. CONCLUSION

It is known that the Navier-Stokes equations for a viscous incompressible fluid under given
initial conditions, as well as with the continuity condition, are among the most fundamental
equations in hydrodynamics. An important issue is the existence and uniqueness of solutions to
these equations with respect to the components of the fluid velocity. For this question, there is a
theorem on the existence and uniqueness of solutions for the Navier-Stokes equations.
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