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divided by zero.

1. Introduction

Let G be a non empty set , then ( G,*) is called a mathematical system if # is binary operation
defined on G, let ( G,*) be a mathematical system, then ( G,*) is called a semi group if # is
associativei.e (a*b)=c=a=* (b=c)forall a. b,c € G, let ( G,*) be a semi group, then ( G,*)
is called a group if there exist e € G suchthata*e =e*a =a foralla € G and forall a € G ,
there exist a™* € G suchthat a *a™* = a™' =a = e, let (G.*) be a group, then (G.*) is called a
commutative group if a#*b=b*a for al abec [ 1 1], [ 3 1]
Let (G.=) be a commutative group and (G, #) be a semi group, then (G,=,#) is called a ring if
a#(b = c) = (a#b) * (a#ic) and (a = b)#c = (a#c) = ( b#c), foralla,b,c € G[2].

2. Inverse two operations:

In this section we present the concept of inverse two operations and we study the properties of
them.

We begin with the following definition:

Definition 2.1:
Let ( G,=) is mathematical system, then =~ is called inverse operation for =, also *= is called
inverse operation for *7' i.e = and ="' are inverse two operations, if a*b =c then

a=c+* !t bandifa=c = ! bthena*b=c (iea*b=ciffa=c ** b)forallab,c
EG.
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Example 2.2:

( R,+)is mathematical system such that R is the set of real nambers and + is ordinary addition
operation, then ordinary subtraction operation ( — ) is inverse operation for +, since a +b =¢

iffa =c—bforall a,b,c € R.

Example 2.3:

( R ,X)is mathematical system such that R is the set of real nambers and * is ordinary
multiplication operation, then ordinary division operation ( = ) is inverse operation for X, since

axb=ciffa=c+bforallab,cER.
Remark 2.4:

Let (G=*) is mathematical system, =
foralla,b,c €G

HNa*b*c=(a*b)=*c
ia=tbstc=(a*1h) ¢
iiijasb =1 c=(axb) =1 ¢

ivlja = bxc=(a*1h)*c
Lemma 2.5:

1 be an inverse operation for =,

then

Let ( G=) is mathematical system, =~ be an inverse operation for =, then for all a,b € G

iyaxb + L h=nqn
i) a # 1 habh=¢g

Proof.

i) Leta=b =c .. (1) by Definition 2.1, wegeta =c¢ *™* b...(2)
From(1)and(2), wegeta=(a=h) =1 b

By Remark 2.4 (iii),wegeta=b *™* b=a

ii) Letc#=b=a...( 1)suchthat c € G by Definition 2.1, we get
c=a*1bh...(2)from(1)and(2),weget(a = *b)=b=a,

by Remark 2.4 (iv),we geta *™* b*b =a.

Lemma 2.6:

Let ( G.*) is mathematical system, =~* be an inverse operation for =, then for all a, b, c € G
i)if asc=b#=cthena=25b

i)ifa=*c=b=*1 cthena=5b

Proof.

Jasc=b=c

by Definition 2.1, we geta =b ¢+ 1 ¢ by Lemma 2.5 (i), wegeta = b

ia*tec=bs*1c

by Definition 2.1, we get a=b**c=c, by Lemma 25 ( ii ), we get a=5h

Lemma 2.7:
Let ( G.=) be a semi group, =~ be an inverse operation for =, then
(a=b) =Y c=a=(b =1 c)
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Proof.

Let (a=b) =~ ¢ = x by D efinition 2.1,

wegeta*b =x=*c...(1)

Let b =71 ¢ = y by Definition 2.1, wegetb = y =c...( 2)

From(1)and (2), wegeta*(y*c)=x=c, (Gx*) beasemi group i.e * is associative,
weget (a=y)*c=x*¢c

By Lemma 2.6 (i), wegeta=y =x
ieas(b+1c)=(a=b) = ¢

Lemma 2.8:

Let ( G.=) be a semi group, =~ be an inverse operation for =, then
a=1(bec)=a=*1c=1h,

Proof.

Leta =% (b= c) = x by Definition 2.1, we get @ = x = ( b = ¢), ( G,#) be a semi group i.e * is
associative, we get a=(x=b)=c Dby Definition 2.1, we get a*tc=x=*b, also

a1 sl h=x
ie a*t(bxc)=a*tc1h
Theorem 2.9:

Let ( G,*) be a group, =~ * be an inverse operation for =, then @ *™* b=a= b such that
bsbt=bleb=canda*e=e*a=a foralla s,

Proof.
Leta =~ b = x by Definition 2.1, we geta = x = b ... (1)

let a*b ™ '=1y, (a*b ' )=b=y=b, (G=) be a semi group i.e * is associative, we get
a*(b™l=b)y=y=*b a*e=y=ba=y=*b ..(2)

From (1) and ( 2 ), we get x*b=y=b by Lemma 2.6 (i ), we get x=¥ i.e
a*=t bh=g=ph?

Theorem 2.10:

Let ( G*) be a group, * ' be an inverse operation for * then a *~
a*e=e*a=aforalla €G.

1 a=¢e such that
Proof.

Leta *~* a = x by Definition 2.1, we obtaina = x *a, buta = e *a, we get x *a = e * a by
Lemma 2.6 (i), weobtainx=eiea = a=e,

(Orby Theorem29a*ta=a*a™ ! = ¢)
Lemma 2.11:

Let ( G,*) beagroup,e EG suchthata*e =e=a=aforalla€G,ifb*=b=>b b€ G, then
b=e,

Proof.
bsb=b b*b=e=bbylLemma26 (i), wegeth=e.
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Lemma 2.12:

Let (G*) be a group, e€G such that a*e=e*a=a for all a€G, then
gEg =g

Proof.
Letx=e*e,x*e=e*ebylemma26(i),wegetx=e,iee*e=e,
Lemma 2.13:

Let (G.=,#) be aring, e €G suchthat a*e =e=a = a for all a € G then x # e = e for all
xEG.
Proof.

let x€G, by Lemma 212 =x#e=x#(e=e), (G=#) be a ring, ie
x#(e=e) = (x#e) = (x#e), we get x#e = (x#e)=(x#e), by Lemma 211 x#e =e,
Theorem 2.14:

Let (G,=#) bearing, e EG suchthata*e =e+*a=aforalla € G, thene # e = x for all
xeEG.
Proof.

Let x € G, by Lemma 2.13 x#e = e, (G,=,#) be aring, i.e ( G,#) is mathematical system, by
Definition 2.1, we get x = e # ' e,

Example 2.15:

Let € be a complex numbers set, + be an ordinary addition operation, % be an ordinary
multiplication operation, then ( €, + , X )bearing , 0€ € suchthata+0=0+a =a, +
be an inverse operation for X ( Example 2.3 ), by Theorem 2.14, we get
0+0=x foral xe(.

Definition 2.16:

Let A be a non empty set, then A°" = a, foralla € 4, i.eif A ={a,b.c.d, ......}, then 4°" = the
concept (a or b or ¢ or d or..) Note the symbol { = ) means equivalent i.e A°" is the
same concept (a or b or ¢ or d or..)

Example 2.17:

Let 4 = {1,2}, then 4°" = 1and 4°" = 2, since {1,.2}°" = (107 2 ) Note ( 1 or 2) = 1 correct
phrase, ( 1 or 2 ) = 2 correct phrase.

Remark 2.18:

fa}"=a Vacel.

Remark 2.19:

[:x:]iE {z ' zn =x} or

Example 2.20:

(25) = {5,—5)°" but v25 = 5 or y25 = { 5 }°

i.e (25]i =+/25and (25]i ++/25Since 5 or — 5 # /25 correct phrase

i.e the concept (25)§ is not equivalent to the concept v25 .
Example 2.21:
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[de=x+¢ such that ¢ is constant, then [dx =x+R°" =(x+R)°"
Such that R isreal numbers, x + R={y:v=x+4+vr, rER}

Remark 2.22:

Let O ={a:ax0=0}, + be an ordinary addition operation % be an ordinary multiplication,
then( O, + , x)bearing, 0 € O suchthata +0 =0+ a = a, + be an inverse operation for
X, by Theorem 2.14 and Definition 2.16, we get 0 + 0 = {§°",i.e 0+ 0 = a, forall a € {. Note
C subset of 0.

Remark 2.23:

Let ¥y =1 s equation of T then (r,1) € T Y r ER, R is real numbers, i.e Set all Point T
={(r,1) : v ER},

Let v =i—f is equation of geometric shape T, if x = 0, then ¥y =1, if x = 0, then ¥ = R"", i.e
v=aforall a€R, we get (b,1)ET v beER,b=#0and (0,a) ET ,¥v a€ R, Set all
(P_(Bint T ={(0,a):acR}U{(b,1): bE R,b = 0}, we conclude the geometric shape T is

U yv—axis,
L .,
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